The intrinsic algebraic entropỹ︂ ent(ϕ) of an endomorphism ϕ of an Abelian group G can be computed using fully inert subgroups of ϕ-invariant sections of G, instead of the whole family of ϕ-inert subgroups. For a class of groups containing the groups of finite rank, as well as those groups which are trajectories of finitely generated subgroups, it is proved that only fully inert subgroups of the group itself are needed to computẽ︂ ent(ϕ). Examples show how the situation may be quite different outside of this class.
Introduction
All the groups considered in this paper are assumed to be Abelian. Following [6] , given an endomorphism ϕ of a group G, the intrinsic algebraic entropỹ︂ ent(ϕ) of ϕ is defined by the formulã︂ ent(ϕ) = sup
ent(ϕ, H),
where I ϕ (G) is the family of the ϕ-inert subgroups of G (so it is a set of subgroups depending on ϕ, which justifies the name "intrinsic");̃︂ 
ent(ϕ, H) = lim

. + ϕ n−1 H is the nth ϕ-trajectory of H. Recall that a subgroup H of the group G is ϕ-inert if (H + ϕH)/H is finite, or, equivalently, Tn(ϕ, H)/H is finite for all n, while H is called fully inert if the same condition holds for all endomorphisms ϕ of G. The family of the fully inert subgroups of G is denoted by I(G).
The intrinsic algebraic entropỹ︂ ent(ϕ) is a variation of the classical algebraic entropy ent(ϕ), introduced in [1] and carefully investigated in [8] and in many subsequent papers, whose definition uses the family of the finite subgroups of G instead of the larger family I ϕ (G). If finite subsets instead of finite subgroups are used, then one obtains the Peters algebraic entropy h(ϕ) (see [18] and [5] ). When G is a torsion group, that is, a group of (torsion-free) rank zero, then the three entropies ent(ϕ),̃︂ ent(ϕ) and h(ϕ) coincide (see Proposition 3.6 in [6] ).
The relevance of the intrinsic algebraic entropy relies mainly on the fact that it enlightens the Algebraic Yuzvinski Formula recently proved in [12] . Recall that the original Yuzvinski Formula [20] states that the value of the topological entropy of a full solenoidal automorphism coincides with the Mahler measure of the characteristic polynomial over the rational field Q of its dual map, while the Algebraic Yuzvinski Formula states that the value of the Peters entropy h(ϕ) of a linear transformation ϕ of a finite-dimensional Q-vector space coincides with the Mahler measure of its own characteristic polynomial; we refer to [18] , [5] and [12] for the definition of Mahler measure and for the definition and properties of h and its relationship with ent. In the Mahler measure of a characteristic polynomial a term log s appears, where the integer s is the least common multiple of the denominators of the coefficients of the polynomial, together with the logarithms of certain eigenvalues. These later have an interpretation in terms of dynamics while in [6] it was proved that the intrinsic algebraic entropỹ︂ ent(ϕ) of such a linear transformation coincides with the term log s.
But the importance of the intrinsic algebraic entropy is also due to the fact that it satisfies most of the usual properties required of a function from the endomorphism ring of an Abelian group to R ≥0 ∪{∞} in order that it be an algebraic entropy; this includes the Addition Theorem (see Section 2) and a kind of Uniqueness Theorem (see [6] ). Furthermore, compared with the Peters entropy h, it maintains an algebraic character, while h is of a more combinatorial nature.
In the computation of the intrinsic algebraic entropy of the endomorphisms of a group G, it would be desirable to be able to restrict the consideration to the trajectories of the fully inert subgroups of G which do not depend on the particular choice of the endomorphism; this also in view of the fact that fully inert subgroups of various classes of Abelian groups have been recently investigated in [7] , [9] , [15] and [16] . The goal of this paper is to investigate when this restriction is possible.
After a preliminary Section 2, collecting notions and results needed later on, we prove in Section 3 that︂ ent(ϕ) can be computed using only fully inert subgroups of ϕ-invariant sections (that is, subgroups of quotients) of G. Thus these sections depend on ϕ, but their fully inert subgroups do not depend on it. This does not mean that the following equality holds:
ent(ϕ, H).
In fact, this equality is not generally true, as Example 3.1 shows.
In Section 4 we prove that all the endomorphisms ϕ of G satisfy the equality (*) if the group G has finite (torsion-free) rank. This result extends to mixed groups well-known facts valid for torsion and torsion-free groups.
In Section 5 we prove that the equality (*) holds if the group G is the ϕ-trajectory of a finitely generated subgroup, that is, if G is a finitely generated Z[X]-module with the module structure induced by ϕ. Then we extend both results quoted above by showing that the equality (*) still holds provided G contains a fully invariant subgroup H of finite rank such that the factor group G/H is a finitely generated Z[X]-module with the module structure induced by ϕ.
Section 6 starts with some examples concerning groups G of infinite rank. These examples show that completely different values of the entropy function are obtained by taking ϕ-inert subgroups or fully inert subgroups. Then a construction of mixed groups G of uncountable rank is performed, such that the torsion part t(G) is an arbitrary unbounded semi-standard p-group, and the equality (*) above is satisfied for all endomorphisms ϕ of G.
Preliminaries
In this section we recall the basic notions and facts used in the paper. By the rank of a group G we mean the torsion-free rank, that is, the dimension of the Q-vector space G ⊗ Z Q. Thus torsion groups are exactly the groups of rank zero. The torsion subgroup of a group G will be denoted by t(G).
Following [1] , given an endomorphism ϕ : G → G of a group G, its algebraic entropy is defined by the formula ent(ϕ) = sup
where F(G) is the family of the finite subgroups of G,
for F ∈ F(G), and Tn(ϕ, F) = F + ϕF + ... + ϕ n−1 F is the nth ϕ-trajectory of F. Algebraic entropy has been the subject of in-depth investigations in a series of papers, starting with [8] (see [4] for more references). The definition of the intrinsic algebraic entropỹ︂ ent(ϕ), introduced and investigated in [6] , replaces the family F(G) of finite subgroups of G by the larger family I ϕ (G) of the ϕ-inert subgroups (already defined in the Introduction). In [6] it is proved that, for a ϕ-inert subgroup H of G, the quantitỹ︂ ent(ϕ, H) = lim n→∞ log |Tn(ϕ, H)/H| n is finite and it coincides with log |T n+1 (ϕ, H)/Tn(ϕ, H)| for n large enough. Therefore, as recalled in the Introduction, one can define the intrinsic algebraic entropỹ︂ ent(ϕ) as the supremum of these quantities, letting H range over I ϕ (G).
It was also shown in [6] that̃︂ ent(ϕ) is upper continuous, that is, if G is the direct limit of a family of ϕ-invariant subgroups G i , theñ︂ ent(ϕ) = sup ĩ︂ ent(ϕ |G i ). An entire section of [6] , Section 5, is devoted to the detailed proof of the Addition Theorem for̃︂ ent; this states that, if H is a ϕ-invariant subgroup of G, theñ︂
One of the main achievements of [6] is a simplified version of the Algebraic Yuzvinski Formula proved in [12] , namely, given an endomorphism ϕ : 
The Bernoulli shift will play a crucial role also in this paper. Finally, we recall that fully inert subgroups of divisible groups, of free groups and of p-groups, and fully inert submodules of torsion-free Jp-modules have been recently investigated in [7] , [9] . [16] and [15] respectively; from a slight different point of view, inertial automorphisms have been recently studied by Dardano-Rinauro in [3] .
For the notation and the remaining notions on Abelian groups used later, we refer to [11] .
Computing the intrinsic algebraic entropy by means of fully inert subgroups of sections
We start with an example which shows that it is not always possible to compute the intrinsic algebraic entropy of an endomorphism ϕ just using the fully inert subgroups instead of the ϕ-inert ones. We recall how the intrinsic algebraic entropy of an endomorphism ϕ : G → G can be computed concretely once the Addition Theorem for̃︂ ent has been proved (see [6, Corollary 5.10] ). The process entails the following seven steps: Firstly we focus on the process of calculating̃︂ ent(ϕ) where ϕ is an endomorphism of a torsion-free group G.
(I) We construct, by transfinite induction, a chain of pure ϕ-invariant subgroups of G:
Set G 0 = 0 and assume Gσ is already defined. Let ϕσ : G/Gσ → G/Gσ be the map induced by ϕ. Choose an element x ∈ G \ Gσ and form its ϕσ-trajectory Tσ = T(ϕσ , x + Gσ), which is the minimal ϕσ-invariant subgroup of G/Gσ containing x + Gσ. Let G σ+1 /Gσ be the purification of Tσ /Gσ in G/Gσ; it is immediate that G σ+1 /Gσ is still ϕσ-invariant in G/Gσ, hence G σ+1 is ϕ-invariant in G. For τ a limit ordinal, we set Gτ = ⋃︀ σ<τ Gσ. (II) Using the Addition Theorem and the upper continuity of the intrinsic algebraic entropy (see [6] ), we get that̃︂ ent(ϕ) = ∑︀ σ̃︂ ent(ϕ σ|Gσ+1/Gσ ), where it is understood that, as soon as there are infinitely many nonzero terms in the sum, or one term has value ∞, then the sum has value ∞. Thus to computẽ︂ ent(ϕ), it suffices to compute ϕ σ|Gσ+1/Gσ for all σ.
(III) Note that, for each ordinal σ, the group G σ+1 /Tσ is torsion, and Tσ /Gσ is ϕσ-invariant in G/Gσ. So, again by the Addition Theorem,̃︂ ent(ϕ σ|Gσ+1/Gσ ) is the sum of̃︂ ent(ϕ σ|Tσ /Gσ ) plus the intrinsic algebraic entropy of the endomorphism induced on the quotient G σ+1 /Tσ by ϕ; the latter group being torsion, the computation of the intrinsic algebraic entropy of this endomorphism can be achieved using only finite, hence fully inert, subgroups of the section G σ+1 /Tσ of G.
Setting A = Tσ /Gσ,x = x + Gσ, and ψ = ϕσ, it remains to computẽ︂ ent(ψ), where A = T(ψ,x) is a section of the original group G and a cyclic torsion-free ψ-trajectory. At this stage we distinguish two cases, according as rk(A) is finite or countable.
(IV) Let ψ : A → A be an endomorphism of the torsion-free group A of finite rank.
where F is a free subgroup of A of full rank, hence fully inert in A, by Lemma 2.3 of [7] . So again,̃︂ ent(ψ) is calculated using fully inert subgroups of a section of G. (Recall that in Theorem 4.2 of [6] it was proved that̃︂ ent(ψ, F) = log s, where s is the least common multiple of the denominators of the coefficients of the characteristic polynomial ofψ over Q (a variation of the Algebraic Yuzvinski Formula proved in [12] ).
(V) Let ψ : A → A be an endomorphism of the countable rank torsion-free group A, and assume that A = T(ψ, x) is a cyclic ψ-trajectory. Then A is free and ψ acts as the right Bernoulli shift on it; furthermore, for each positive integer k, there exists a fully inert subgroup H k of A such that̃︂ ent(ψ, H k ) = log k. Consequentlỹ︂ ent(ψ) = ∞. Again,̃︂ ent(ψ) may be computed just using fully inert subgroups of A.
, and D(A) has no non-trivial fully inert subgroups, as noted in Example 3.1.
As observed in stages (III) -(V) above, the calculation of̃︂ ent(ϕ) can be accomplished using fully inert subgroups of ϕ-invariant sections of G. Now we return to the general, that is, not necessarily torsion-free, case. So suppose that G ′ is an arbitrary group with torsion subgroup tG ′ and torsion-free quotient G = G ′ /tG ′ and ϕ ′ is an endomorphism of G ′ . 
, the computatioñ︂ ent(ϕ ′ ) will be complete if we computẽ︂ ent(φ ′ ), whereφ ′ : G → G is the induced endomorphism of the torsion-free group
We have already seen in steps (I) -(V) that the intrinsic algebraic entropy of an endomorphism of the torsion-free group G can be accomplished using only fully inert subgroups of sections of G. But since any ϕ-invariant section of G is certainly a ϕ ′ -invariant section of G ′ , we have established:
Theorem 3.2. Let G be an arbitrary group and ϕ : G → G an endomorphism of G. Then the intrinsic algebraic entropỹ︂ ent(ϕ) can be computed using only fully inert subgroups of ϕ-invariant sections of G.
It is convenient at this point to set:ē nt(ϕ) = sup
H∈I(G)̃︂ ent(ϕ, H).
Obviously the following inequalities always hold:
We are tempted to callē nt(ϕ) the fully inert algebraic entropy of ϕ. Even though we shall adopt this terminology from now on, one could be very critical of it, sinceē nt(ϕ) does not satisfy the usual properties satisfied by typical entropy functions like ent or̃︂ ent, as the next remark emphasizes. Remark 3.3. From Example 3.1 it follows thatē nt is neither monotone under taking restrictions to invariant subgroups, nor upper continuous, and thatē nt does not satisfy the Addition Theorem. For, if β is the right Bernoulli shift of G = Q (N) , we have seen thatē nt(β) = 0, because G has no non-trivial fully inert subgroups.
On the other hand, F = Z (N) is a β-invariant subgroup of G, and we have also seen thatē nt(β |F ) = ∞, soē nt is not monotone and the Addition Theorem does not hold. Furthermore, G is the union of its fully invariant subgroups
As we saw at steps (IV), (V) and (VI), the equalityē nt(ϕ) =̃︂ ent(ϕ) holds when ϕ : G → G is an endomorphism of either a torsion group, or of a torsion-free group of finite rank (in which caseē nt(ϕ) is finite), or of a torsionfree cyclic ϕ-trajectory of infinite rank (in which caseē nt(ϕ) = ∞). The following natural question arises: are there more groups G for which the equalityē nt(ϕ) =̃︂ ent(ϕ) holds, either for all endomorphisms ϕ, or for some suitable ϕ? We will give some answers to this question in the rest of the paper.
Groups all of whose endomorphisms have intrinsic and fully inert algebraic entropies coinciding
In this section we give an answer to the question posed at the end of the preceding section. We will use the following notation: if ϕ : G → G is an endomorphism of the group G, we denote the factor group G/t(G) bȳ G and the map induced by ϕ on it byφ. We need a lemma, proved in [6] , which relates ϕ-inert (respectively, fully inert) subgroups of G with those ofḠ.
Lemma 4.1. (1) Let H be a subgroup of the group G, and let ϕ : G → G an endomorphism. Then H is ϕ-inert in G if and only ifH = (H + t(G))/t(G) isφ-inert inḠ = G/t(G) and t(H + ϕH)/t(H) is finite (equivalently, t(Tn(ϕ, H))/t(H) is finite for each n). The second condition is automatically satisfied if H contains t(G). (2) A subgroup K of a group G is fully inert if and only ifK = (K + t(G))/t(G) is fully inert inḠ = G/t(G) and t(K + ψK)/t(K) is finite for every endomorphism ψ of G.
Proof. Part (1) follows from Lemma 2.3 of [6] , while (2) is a direct consequence of (1).
The main result of this section is the following theorem, which extends to mixed groups what we have already seen for torsion-free groups. As̃︂ ent(φ) is finite, as we saw in step (IV) of Section 3, then we must havẽ︂ ent(ϕ |t(G) ) = ∞ = ent(ϕ |t(G) ) = ent(ϕ); therefore, alsoē nt(ϕ) = ∞.
Assume now̃︂ ent(ϕ) finite. Then both̃︂ ent(ϕ |t(G) ) and̃︂ ent(φ) are finite, sõ︂
where F is a suitable finite subgroup of G, and︂ ent(φ) =̃︂ ent(φ,H), whereH = H/t(G) is a free subgroup ofḠ of full rank, and hence is fully inert inḠ (see the proof of Theorem 4.2 in [6] ). Then H = Z ⊕ t(G) for a free subgroup Z of G of full rank. We will show that the subgroup K = Z ⊕ F is fully inert in G and that̃︂ ent(ϕ) =̃︂ ent(ϕ, K), from which the claim clearly follows. Since K + t(G) = H, it follows from Lemma 4.1 that K is fully inert in G if and only if t(K + ψK)/t(K) is finite for every endomorphism ψ of G. A simple computation shows that
and so t(K + ψK)/t(K) is finite, since Z + ψZ is finitely generated, hence its torsion part is finite, and ψF is trivially finite. Thus we have proved that K is fully inert in G.
In order to show that̃︂ ent(ϕ) =̃︂ ent(ϕ, K), we recall that it was proved in [6] that:
(ii) if H is a finitely generated subgroup of G, theñ︂
whereφ
is the endomorphism of T(ϕ, H)/t(T(ϕ, H)) induced by ϕ (Proposition 5.8 of [6]).
Using these two facts, applied to the finitely generated fully inert subgroup
, so the conclusion follows from the equalitỹ︂ ent(ϕ) = ent(ϕ) +̃︂ ent(φ).
The following example provides a family of 2 ℵ0 non-isomorphic reduced torsion-free groups Gσ of countable rank, with the same endomorphism ring A, such that̃︂ ent(ϕ) = 0 for every endomorphism ϕ ∈ A. In particular,̃︂ ent(ϕ) = 0 =ē nt(ϕ), thus these groups Gσ furnish more examples related to Theorem 4.2. (1, 1, 1 
. + a 1 ϕ(F) + a 0 F and consequently h(ϕ, F) = 0 (h is the Peters entropy as extended in [4]). Thus h(ϕ) = 0, and sincẽ︂ ent(ϕ) ≤ h(ϕ), by Proposition 3.6 of [6]
, we obtain that̃︂ ent(ϕ) = 0.
The preceding example shows that the class of groups G such that̃︂ ent(ϕ) =ē nt(ϕ) for all ϕ ∈ End Z (G) is strictly larger than the class of groups of finite rank. More examples of groups with this property will be constructed in Section 6. The next result shows that free groups of countable rank do not share this property.
Proposition 4.4. Let G be a free group of countable rank. Then there exists an endomorphism ϕ : G → G such that: (1) ϕ acts as the right Bernoulli shift on a subgroup T of countable rank of G (hencẽ︂ ent(ϕ |T ) = ∞, and consequentlỹ︂ ent(ϕ) = ∞);
(2)ē nt(ϕ) = 0.
Proof. Let G = ⊕ n≥0 en Z and let T be the subgroup of G defined as follows:
Consider the endomorphism ϕ : G → G defined by setting ϕ(en) = (n + 1)e n+1 for all n.
Since ϕ(n! en) = n!(n + 1)e n+1 = (n + 1)! e n+1 , ϕ acts on T as the right Bernoulli shift. Thereforẽ︂ ent(ϕ |T ) = ∞ (see step (V) in Section 3). In order to show that ent(ϕ) = 0, we must prove that, given any fully inert subgroup H of G,̃︂ ent(ϕ, H) = 0. From [9] we know that H is commensurable with kG for some integer k; this implies that H ≤ K, where K = (⊕n≤r en Z) ⊕ (⊕n>r ken Z) for a suitable index r. It is enough now to prove that̃︂ ent(ϕ, K) = 0. But for m large enough we have that
hence the conclusioñ︂ ent(ϕ, H) = 0 immediately follows.
Endomorphisms whose intrinsic and fully inert algebraic entropies coincide
We adopt now the classical point of view (see for instance Chapter 12 in [17] ) of looking at a group G with an endomorphism ϕ : G → G as a Z[X]-module, with the action of X induced by ϕ, that is, given a polynomial
The connection of this point of view with algebraic entropy was developed in [19] in the more general setting of arbitrary modules. In accordance with the notation in that paper, we shall denote by G ϕ the group G endowed with the Z[X]-module structure induced by ϕ; abusing notation, if H is a ϕ-invariant subgroup of G, we shall denote it by H ϕ when viewed as submodule of G ϕ . Recall that G ϕ is cyclic (respectively, finitely generated), if G = T(ϕ, F) is the trajectory of a cyclic (respectively, finitely generated) subgroup F. If G ϕ is finitely generated, its submodule t(G) ϕ is also finitely generated, hence t(G) is a bounded group; consequently G = t(G) ⊕ K, where K is a torsion-free summand of G, not ϕ-invariant in general (see Lemma 5.7 in [6] ).
The next theorem shows that the endomorphisms ϕ : G → G such that G ϕ is a finitely generated Z[X]-module satisfỹ︂ ent(ϕ) =ē nt(ϕ). It is worthwhile remarking that this result is independent of Theorem 4.2; in fact, there exist finitely generated Z[X]-modules of infinite rank (e.g., Z (N) β , where β is the right Bernoulli shift), and, conversely, there exist endomorphisms ϕ : G → G of groups G of finite rank such that G ϕ is not finitely generated (e.g., any non-zero endomorphism of Q).
Theorem 5.1. Let G be a group and ϕ : G → G an endomorphism. If G ϕ is finitely generated, theñ︂ ent(ϕ) = ent(ϕ).
Proof. We may assume G is of infinite rank, otherwise the conclusion follows from Theorem 4.2. First assume that G is a torsion-free group. The hypothesis that G ϕ is finitely generated ensures that G is the sum of finitely many cyclic ϕ-trajectories T i = T(ϕ, x i ) (i = 1, 2, · · · , n), where at least one of them, say T 1 , has infinite rank. We can write G = T 1 + T where T is a finitely generated submodule of G ϕ . Proposition 5.6 in [6] ensures that︂ ent(ϕ) = ∞ =̃︂ ent(ϕ |T1 ); thus our goal is to prove thatē nt(ϕ) = ∞.
Note that (T 1 ) ϕ ∼ = Z[X] and T 1 is a free group of countable rank, on which ϕ acts as the right Bernoulli shift. Thus Example 3.7 in [6] shows that, for all integers k > 1, the subgroups of T 1 
The subgroup A k =< x 1 > +kG is a fully inert subgroup of G, being commensurable with kG. We claim that, for all integers k, a multiple of k 0 ,̃︂
from which the desired equalityē nt(ϕ) = ∞ obviously follows. The following equalities clearly hold:
where C 1 ≤ T 1 , and the inclusions (**) imply that
For every positive integer n and for every k a multiple of k 0 we have:
where Cn is a suitable summand of T 1 satisfying the inequalities
Now the factor group
has as epimorphic image the factor group
whose cardinality is ( k k0 ) n−1 . Taking logarithms, dividing by n and computing the limit for n → ∞, we get︂
. But Lemma 3.10 (b) of [6] applied to the ϕ-invariant subgroup T 1 implies that︂
so we are done.
It remains to consider the case of G a mixed group; as G ϕ is finitely generated, G = B ⊕ K for a bounded group B and a torsion-free group K (see Lemma 5.7 of [6] ). The group K has infinite rank, as we are assuming It is worth remarking on the difference between Theorem 4.2 and Theorem 5.1. The first one says that for all the endomorphisms ϕ of a group of finite rank G the equalitỹ︂ ent(ϕ) =ē nt(ϕ) holds; the latter result says that all groups G which are finitely generated Z[X]-modules with the module structure induced by an endomorphism ϕ satisfy the above equality.
In both cases, we have two Serre classes of modules: in the first case, the Serre class of groups of finite rank (which includes all torsion groups); in the latter case, the Serre class of finitely generated Z[X]-modules. In order to enlarge the classes of groups for which the above equality of entropies holds, one could be tempted to put together the two Serre classes above using extensions. The next example shows that one kind of extension is not possible.
Example 5.2. Extension of a cyclic Z[X]-module by a finite rank group, with an endomorphism ϕ such that︂ ent(ϕ) = ∞ andē nt(ϕ) = 0.
Consider the group G = Q (N) endowed with the right Bernoulli shift β. We have seen in Example 3.1 that︂
, which has rank zero, being a torsion group. Note that the following equalities hold:︂
where, as usual,β is the endomorphism of G/H induced by β.
On the other hand, the latter kind of extension works, under the additional hypothesis that the subgroup of finite rank is not only a Z[X]-submodule, but is also fully invariant.
Theorem 5.3. Let H be a fully invariant subgroup of finite rank of a group G. Let ϕ : G → G be an endomorphism such that G ϕ /H ϕ is finitely generated; theñ︂ ent(ϕ) =ē nt(ϕ).
Proof. We can assume that G/H has infinite rank, by Theorem 4. 
Groups of uncountable rank all of whose endomorphisms have intrinsic and fully inert algebraic entropies coinciding
In this section we start providing some examples of endomorphisms of groups of infinite rank, which show that different behaviors can arise when the intrinsic and fully inert algebraic entropies of an endomorphism are compared. The first example shows that there exist arbitrarily large torsion-free groups all of whose subgroups are fully invariant, hence fully inert, and consequently all their endomorphisms have intrinsic algebraic entropy zero. [6] , therefore, for suitable choices of the rational numbers an /bn, we can get̃︂ ent(ψ) to be an arbitrary value log k ( for an integer k ≥ 1), or ∞.
The main goal in this section is to show that the class of the Z[X]-modules G ϕ containing a fully invariant subgroup H of finite rank such that the factor module G ϕ /H ϕ is finitely generated, does not contain all the Z[X]-modules G ϕ such that̃︂ ent(ϕ) =ē nt(ϕ). In fact, the groups in this class are necessarily countable modulo their torsion subgroups, while the groups constructed below, endowed with the Z[X]-module structure induced by any endomorphism ϕ, have uncountable rank.
We start with the construction, based on an idea of Corner, of a family of mixed groups. A similar construction has been utilized previously in the construction of certain mixed groups which are Hopfian -see [13] and [12] .
Suppose that T is an arbitrary unbounded semi-standard reduced p-group and let A = Ext(Q/Z, T). Then A is the cotorsion-completion of T and A/T ∼ = Ext(Q, T) is torsion-free divisible. Then, as shown in [13] The groups A/T and H/Zp are isomorphic, fixing such an isomorphism we form the pullback of A and H with kernels T and Zp. The resulting group G is a subgroup of the direct sum A ⊕ H and satisfies
Since G/T is torsion-free, T is the torsion subgroup of G. Note that G/T is reduced in this case. Let ϵ be an arbitrary endomorphism of G, then ϵ induces a mappingε of G/T ∼ = H and soε is multiplication by a rational n/m where n, m are coprime and p does not divide m. Let ψ = mϵ. Thus, ψ − n1 G induces the zero map on G/T and so (ψ − n1 G )(G) ≤ T, in particular (ψ − n1 G )(Zp) ≤ T. However, every homomorphic image of Zp in T is cyclic, and so bounded, so there exists an integer r ≥ 0 such that p r (ψ−n1 G )(Zp) = 0. Thus, the endomorphism p r (ψ − n1 G ) of G annihilates Zp and so passes to the quotient inducing a map: G/Zp ∼ = A → T; as noted above the choice of A means this image is also bounded. So replacing r by a larger integer if necessary, we may suppose that this image is zero i.e. p r (ψ − n1 G ) = 0.
Thus ψ−n1 G is bounded. Now ψ = mϵ, where m is an integer relatively prime to p. Since T is a p-group, m acts as an automorphism of T; furthermore, multiplication by m is an automorphism of H by construction of H. Hence by the 5-Lemma, multiplication by m is an automorphism of G and so we can consider multiplication by n/m as an endomorphism of G. Thus ϵ can be regarded as an element of Zp1 G ⊕ Bd(G). Since the latter are always endomorphisms of G in this situation, we have shown: Now let G be a group constructed as in Theorem 6.3; such groups are called Corner mixed groups in [12] . We claim that̃︂ ent(ϕ) =ē nt(ϕ) for all ϕ ∈ End Z (G). Assume first that ϕ = r + σ where r is an integer and σ is a bounded endomorphism. By the Addition Theorem we have:︂ ent(ϕ) =̃︂ ent(ϕ |t(G) ) +̃︂ ent(φ) wherẽ︂ ent(ϕ |t(G) ) = ent(ϕ) = 0, because t(G) is semi-standard and σ is bounded (see [8] ). Sinceφ coincides with the multiplication by r, alsõ︂ ent(φ) = 0; thereforẽ︂ ent(ϕ) = 0, consequently alsoē nt(ϕ) = 0 and the equalitỹ︂ ent(ϕ) =ē nt(ϕ) holds.
Assume now that ϕ = r s + σ, where r, s are coprime integers, s > 1, (s, p) = 1, and σ is a bounded endomorphism. Let us denote, as usual, byφ the map induced by ϕ on the factor group G/t(G) = H; note thatφ = r s · 1 H . As before we havẽ︂ ent(ϕ) =̃︂ ent(ϕ |t(G) ) +̃︂ ent(φ), wherẽ︂ ent(ϕ |t(G) ) = ent(ϕ) = 0. Now H contains free subgroups F of arbitrarily large finite rank k; recalling thatφ = r s · 1 H , an easy computation shows that, for all n ≥ 1, |Tn(φ, F)/F| = s (n−1)k . In particular, F isφ-inert in H, and, by Lemma
4.1, t(G) ⊕ F is ϕ-inert in G. Finally we have:︂ ent(ϕ, t(G) ⊕ F) ≥̃︂ ent(φ, F) = k · log s;
as k is an arbitrary positive integer and s > 1, we deduce that̃︂ ent(ϕ) = ∞. In order to prove that alsoē nt(ϕ) = ∞, we can use the preceding argument, but proving that t(G) ⊕ F is fully inert in G or, equivalently, that F is fully inert in H. But we can apply the same argument used for ϕ = 
